


CRICA 1 : Reduction of Scattering Diagrams with application to exchange quiver.

plan. 1 Scattering Diagrams

e .
Reduction of Scatteringiagram

3
.

Application

S1. Scattering Diagram
BE Mn(l) : Skew-symmetrizable matric

S = diag9s...
-· Sn) : Skew-symmetrizer with die>

& = Q(, . . . . kn
*] [XX, ,

.
. .

. Yn]] *= YE
i= 1

- VE To Ev : R -> Q

* ->* (I XBryv)V
yo> Xw

2 Eve Aut(Q) . (Ev)"(X
Y

) = X CHXBryvy-us

Ev is called formal elementary transformation .

①



Def . A wall of B in R" is a pair (v .
W)

,
where

· OVE and gcd (v) = 1

· W is a convex cone scanning vt: = &MER"l vism = 0] .

&k
.

&MER"IVTSm > 03 is called the green side of W.

SMER" ViSmco) is called the red side of W.

L

Jef
.

D A Scattering Diagram of B is a collection of lat most countable many

walls of B.

② Let &(B) be a SD of B .
A smooth eath 9 : %o . 13 ->&" in (B)

is finitetransverse if
· op10) & f(1) are not in any walls of DCB)

The image off crosses each wall transversely.
· The image off crosses finitely many walls and does not cross the

boundary of walls or intersection of walls which sean different hyserslanes.

②



Llef
.

Let DCB) he a scattering diagram of Bandf a finite transverse path

crossing walls in DCD) morder

(U .
W , ) ,

Cra
,
Was,

,

. . .

. (V
.

We

Then define Ep : = E · Er Er E AutCR)
,

which is called the

eath-ordered moduct
,

where Ei = 1 if f crosses Wi from its green side

to its red side , Ei = -1 otherwise .

&ef A finite SD is consistent iff finite transverse loop f
. Ep = id.

Two finite SD
, of B are equivalent of↓ finite transverse path in both

SDs determines the same path-ordered product.

xy (21 ,
eit

e. g. B= 2- 9 %) R2
:

g ec
.

est) 3 Walls of &(B)

> E (i) . M (t))

En = Ens Ei Eig Elis Elis

= id. ⑤



52. Reduction of SD

Let I be a monomial ideal of Q, .... Yas)·

↓ ve 250 ·

Ev induces an automorchism EveAut(R/1) .

& .
Ev = id CAMIRR) If YE] .

Def
.

A finite SD is consistent mod I
.

of U finite transverse loop f

EeE id in An(1).

Two finite SDs of B are equivalent mod I ofA finite transverse eath

in both SDs determines the same path-orderedproduct in Aut (R1) .

&Jef
.

Let I be a monomical ideal of QCH .
.... Yrl] and &(B) a SD of B.

The reduction &CBCY of DCB) wir+ I is obtained from DCA) by deleting all

walls of the form (r . W) S. A
. YYE1·

1of A SDOCB) of B is consistent if ↓ monomial ideal [of Q... bull with

finite dimensional quotient , the reduction BCB is finite and consistent mod I.

&K One can define equivalent. of SDs
· ④



&m(GHkK
, existence of uniqueness)

z! consistent SD Do(D) unto equivalence .

S . t .

&
· (li . e)

,
it . n) are walls of(B) (called incoming walls)

For any other wall (v
.
W)

. BrEW.

&MKOGHKK proved a stronger result forany given incoming walls.

② Each connected component of IR"@ (B) is a chamber of DCB).

Rs. & No are chambers called positive chamber of negative chamber

Yet A chamber & of DoCB) is reachable ofE a finite transverse path

fromRo to e.

Thm (GHkk) Each reachable chamber of PCB) is of the form

1308 ,
+... + Ryo8n

,

where G = (8 ,
. .

.. 8n) is a G-matrics of the cluster oly & (B)·

⑤



Muller's reduction Ihm :

Let j = Six ... <jp) =[1 . nD. Denote

( Ey : /" -> RI (2) I : R-> RY

m-> (Mj, . . .

, Mjp) V --> (0 .. 04,0 .. 0
.. V

,

0 ... 0

& I

(3) By the principal submatrics of B associated with J.

(80(b) the SD of By irIR"

(5) [5 (Dr(Byl) = 9 (F*CV) . EjCWS) ((v . W) E DolBb]

I (Muller) Tj(Do(By)) = Co(B)/< yj .
5697

&: both zj(Do(Bj)) & Go(1)/<Y .
JET) are consistent SD, in 1 "

with incoming walls&(ej . et) ,

/je > 3. #

⑥



53 Application .

Def The exchange quiver FICB) of & (B) :

Vertex set = Chambers of G. (B)

arrow set : e,
-> er if I finite transverse eath f. S.t.

· (10) Eli , fiDEfr

· f crosses a unique wall sw . W) from its green side

to its red side.

& The full subquiver of ECB) consisting of reachable chambers is the exchange

quiver of &(B).

Thm [Cas] ·
ECB) is acyclic . i.e.

the exchange quiver of &(B) is acyctic.

# :
Assume that =t ,

-> 2+ . . .

-> 1+e
(VI,Wil JVs

,
Wr) (Ve ,

Wg)

=> I a finite transverse path 8 : Co . 13 + R"Crossing walls

IV ,
Wi)

,
(V2

,

Wa), . . .

.
(Ve

.
We) inorder

⑦



For any U= (H .
.

. .
Un)E" denote degu=:.

Set k= min9degVi + 1/ kie)
.

Consider Do(B)/I"
,

Without loss of generality, we may assume that degV = = dgVe.

Since Do (B) is consistent => DoCD/2 is consistent mod I"

=> Eg = Eve ... Ev . Ev,
= id in Am(RK)

Let we (Eso)" - viSw >o · Denote S)
= bi >

Ev
.
(NWs = X

*

(I
Bu , y<Seri

= X (1+ bi XBYyY) mod Ik

Ev Ev ,
(

Y
) = Ev(X) (I+ be Eva(XBY) Yun)

=** (HbaXBR y ) CH ba WBY (I+ XBray y yY)

= X
*

CH baX
&y2) (1+ b,

Bri
y

= WW (i+ be XBuy+ b ,
XDV y Y) God I

=> Ee(
*

) = X
*

(I+ beBreyVet ... + b, xPryY) = XW mod Ik

E ⑧


